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Abstract : In [MVFO1], a continuous time stochastic extension s/” B (' of finite P BC' was proposed.
In [MVVCCO03], iteration operator was added to sPBC'.

Algebra s P BC has interleaving semantics, but P BC' has step one.

We constructed a discrete time stochastic extension dts P BC' of finite PBC [Tar05].

In [Tar06], dts P BC was enriched with iteration.

Step operational semantics was defined in terms of labeled probabilistic transition systems.

Denotational semantics was defined in terms of a subclass of labeled DTSPNs (LDTSPNs) called

discrete time stochastic Petri boxes (dts-boxes).

We proposed a variety of stochastic equivalences.

We demonstrated how to apply the equivalences to compare stationary behaviour,
In this talk, two case studies of performance evaluation are presented.

Keywords : stochastic Petri nets, stochastic process algebras, Petri box calculus, iteration, discrete time,

stochastic equivalences, stationary behaviour, performance evaluation.
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Stationary behaviour
Theoretical background

The elements P (1 <1i,j <n=|DR(G)|) of (one-step) transition probability matrix (TPM) P~ for
DTMC*(G):

D _ PM*(si,s5), i — 853
ij —

0, otherwise.

The transient (k-step, k € IN) probability mass function (PMF) ¥* k] = (Y [k], ..., ¥ [k]) for
DTMC*(N) is the solution of
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where *[0] = (¥5[0], ..., 1% [0]) is the initial PMF:

0, otherwise.

V¥ [k + 1] = ¢*[k]P*, k € IN.

The steady state PMF ¢* = (7, ..., 4" ) for DT M C™(G) is the solution of

J*(P* —E) = 0
w*lT — 1

where 0 is a vector with n values 0, 1 is that with n values 1.

When DT M C*(G) has the steady state, 10" = limy_, o, ¥*[k].
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Steady state and equivalences
Fors € DR(G) with s = s; (1 <7 < n) we define " [k](s) = ¢F[k] (k € IN) and " (s) = 7.

_ 1 Let G, G’ be dynamic expressions with R : G+ G’. Then
VH € (DR(G)UDR(G"))/r

YWt sy = Y W),

sEHNDR(G) s’€HNDR(G)
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Definition 1 A step trace of a dynamic expression Gis > = A --- A, € (]Nf)* where
ElseDR(G)sil»sl L L L(T;)=A4;(1<1i<n).

The probability of the step trace > to start in the state s is

PT*(%,s) = > ﬁPT*(Fi, Si—1).

r r r =1
{T1,.,Tn|s=s0—5s1—3—Bs,, LT)=A4; (1<i<n)}

oo 1 Let G, G’ be dynamic expressions with R : G (G’ and X be a step trace. Then
VH € (DR(G)UDR(G"))/r

Yo Wt (s)PTH(Ss)= Y W()PTHE,S).

sEHNDR(G) s'€HNDR(G')

The result of the theorem above is valid if we replace probabilities with ones.
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Case studies

Shared memory system

A model of two processors accessing a common shared memory [MBCDF95]

Processor 1 Memory Processor 2

The diagram of the shared memory system

After activation of the system, two processors are active, and the common memory is available. Each
processor can request an access to the memory.

When a processor starts an acquisition of the memory, another processor waits until the former one ends

its memory operations, and the system returns to the state with both active processors and the available
common memory.
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a corresponds to the system activation.

r; (1 <1 < 2) represent the common memory request of processor i.

b; and e; correspond to the beginning and the end of the common memory access of processor 1.
The other actions are used for communication purpose only.

The static expression of the first processor is

By = [({z1}, 3) = ({1} 2): (b1, wn ks 3)s ({en, 21}, 5)) * Stop].
The static expression of the second processor is

By = [({z2}, 3) * (({r2}, 2): ({2, 92}, 3); ({e2, 22}, 5)) * Stop].
The static expression of the shared memory is

B3 = [({a,71,72}, 5) * ({71}, 5): ({21} 5) ({32}, 5): ({21, 3))) * Stop].

The static expression of the shared memory system with two processors is

E = (E1||E3||E3) sy x1 Sy T2 Sy Y1 SY Y2 SY 21 SY 22 IS L1 IS T IS Y1 IS Yo IS 21 IS 2.
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{({r2}, 30
{v1}, 5.2

({r2},3),2

T5*(E)

{{r1},3),
({e2}. D}, 2

({a},3).1

{2}, %),

{({r2},3),
({e1}. 1.2

{1}, 3)}
({b2}. )} 4

{r1}.1).8

The transition system without empty loops of the shared memory system
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The underlying DTMC without empty loops of the shared memory system

10
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The TPM for DT M C*(E) is

P* =

001 00 0 0 0 0 0
1 1 1
00 5 &£ 0 5 0 0 0
0000 2 0 % 0
000 00 2 £ 0 1
1 1 3
0 £+ 0 L 000 2 0
000 0000 5 12
1 1 3
0 £+ 2 0 0 0 0 0 2
000 1 0 0 0 0 0
00 1 0 0 0 0 0 0]

The steady state PMF * for DT MC*(E) is

v = (0

3 75 75 15 46 15 35 35

2097 4187 4187 4187 209 4187 209 209

)

11



1.0

0.8

0.6

04

0.2

Igor V. Tarasyuk: Performance evaluation in dts P BC'

12

Transient state probabilities of the shared memory system

We depict the probabilities for the states s1, S2, S3, S5, Sg, Sg only, since the corresponding

for s3, s4 as well as for s5, s7 as well as for sg, Sg.
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Performance indices

e The average recurrence time in the state so, the average system run-through, is wl* = 2g9 = 69%.
2

e The common memory is available in the states so, S3, S4, Sg only.

The steady state probability that the memory is available is 15 + ©¥5 + ¥ + g = %.
The steady state probability that the memory is used, the shared memory utilization, is
_ 124 _ 85
209 — 209°

e The common memory request of the first processor ({1 }, 3) is possible from the states s2, 4, 57

only.

The request probability in each of the states is a sum of execution probabilities for all multisets of

activities containing ({r1}, 2).

The steady state probability of the shared memory request from the first processor is
V3 2 qri(tray.yery P15 52) + 902 ry (g, pyery PTTT 54) +
7 2y, byery PTH(L, s7) =

205 (3+3) tas (5+5) a5 (5+35) = 209
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-© =
-
-© =

{z1},1 ({a,1,22},3) {z2}.4

o
b

{ri1}.3 {ra}.%

os
)
>
O

{b1,y1},2 {v1},4 {92},3 {ba,y2},2
fer.1}).3 {z1},1 {=}.1 {ez,22},4

The marked dts-boxes of two processors and shared memory

14
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{e1}, 7 {ea}, 7

ALY
@@@u

The marked dts-box of the shared memory system

15



Igor V. Tarasyuk: Performance evaluation in dtsP BC'
Dining philosophers system

A model of five dining philosophers [P81]

The diagram of the dining philosophers system

16
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After activation of the system, five forks appear on the table.

If the left and right forks available for a philosopher, he takes them simultaneously and begins eating.
At the end of eating, the philosopher places both his forks simultaneously back on the table.

a corresponds to the system activation.

b; and e; correspond to the beginning and the end of eating of philosopheri (1 <7 < 5).

The other actions are used for communication purpose only.

The expression of each philosopher includes two alternative subexpressions:

the second one specifies a resource (fork) sharing with the right neighbor.
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The static expression of the philosopher 7 (1
E; = [({zi}, 5) * (({bi, 7i}, 5): (e, &

The static expression of the philosopher 5 is

E5 S~ T S /Y~

= [({a, 71,22, 72,71}, 5) * ({05, 45}, 5): ({es, Z5}, 3)) [ (({wn}, 3); ({21}, 3))) = Stop).

The static expression of the dining philosophers system is

<
i

E = (E1||E2||E3||E4||Es) sy o1 Sy @2 Sy €3 Sy 4 SY Y1 SY Y2 SY Y3 SY Y4 SY Ys Sy 21 SY 22
SY Z3SY 24SY Z5 ST ST FST3 STy rSYy ISYo rSY3 rSY4 rsYs rS 21 1S9 rsS 23 rszyrszs.
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The transition system without empty loops of the dining philosophers system

19
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1

510 )z 5 3

—11 Y 11 7 —

11

The underlying DTMC without empty loops of the dining philosophers system

20
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The TPM for DT M C*(FE) is

S oD

S -

»~ O

o O

o O

M~ NIk~

|~ D~

S O o o
S HZ o e
D © e O
o o © o
D © o o
S O O o
S O o O
o mf © o
D © o o
2 HE e o
oD oD i i

-

S_H

-
-

S_H

anllny

aall s

-

— |~

oo O O O o o o o o O

__
¥



Igor V. Tarasyuk: Performance evaluation in dts P BC' 22

1.04
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Transient state probabilities of the dining philosophers system
We depict the probabilities for the states s1, ..., sS4 only, since the corresponding for the

states s3, Sg, S7, S10, S11 as well as for s4, S5, Sg, Sg, S12.
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The steady state PMF 1)* for DT M C*(E) is

. 2 1 7 7 11 7 7 1 1 7
o= )

0 117107 110" 1107107 10" 1107 1107 10 10’ 110

Performance indices

e The average recurrence time in the state so, where all the forks are available, the average system

o 1L 11 g1
run-through, is = 3 = 55
e Nobody eats at the state so. The fraction of time when no philosophers dine is 15 = %

Only one philosopher eats at the states s3, Sg, S7, S10, S11- The fraction of time when only one

philosopher dines is 13 4+ 1§ 4+ 7 4+ ]y + Y7 = 1—10 + 1—10 -+ 1—10 + 1—10 1—10 = %

Two philosophers eat together at the states s4, S5, Sg, Sg, S12. The fraction of time when two
: e 7 7 7 7 7 7
philosophers dine is ¥y + Vs + g + g + ¥ = 75+ 170 + 110 + 110 + 110 = 23

The relative fraction of time when two philosophers dine w.r.t. when only one philosopher dines is
702 _ 7

22 "1 — 11°
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e The beginning of eating of first philosopher ({b1 }, i) is possible from the states ss, Sg, S7 only.

The beginning of eating probability in each of the states is a sum of execution probabilities for all

multisets of activities containing ({1}, ).

The steady state probability of the beginning of eating of first philosopher is
3 2oy, hyery DT 82) + 96 2y gvyy, 2)ery PT (T 56) +
V7 2 qri({eay byery P 57) =

i1 (30 20 T 20) T30 (51 + 1) + 10 (61 + 71) = 10
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Abstract dining philosophers system

The static expression of the philosopher i (1 < ¢ < 4)is

Fi = [({z:}, 3) = ({6, i}, 5): (e, 22 ) (({wie1 ) 5): ({2041}, 3))) * Stop).

The static expression of the philosopher 5 is

Fs = [({a,21,%2,72, 71}, 3) * ({6, 45}, 3)s (e, 25}, ) [1(({mn ), 2)s ({1}, 3))) * Stop].
The static expression of the abstract dining philosophers system is

F = (F1|| || F3||Fyu||Fs) sy 21 Sy T2 Sy T3 Sy T4 SY Y1 SY Y2 SY Y3 SY Ya SY Ys Sy 21 SY 22 SY 23
SY 24 SY 25 ST ST IST3 STy rSY| ISY2rSYs ISYLISYs IS 21 IS 2o IS 23IS24L1S25.
DR(F) resembles DR(E), and T'S*(F) is similar to T.S*(E).

DTMC*(F) = DTMC*(E), thus, TPM and the steady state PMF for DT' M C*(F) and
DTMC*(F) coincide.
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Performance indices

The

and the are the same for the standard and

abstract systems.

The

: non-personalized viewpoint to the philosophers.

The beginning of eating of a philosopher ({b}, i) is possible from the states so, S3, Sg, S7, S10, S11
only.

The beginning of eating probability in each of the states is a sum of execution probabilities for all
multisets of activities containing ({0}, %).

The steady state probability of the beginning of eating of a philosopher is

V3 2 ooy hery PTT (W5 52) + 95 2 qry oy, 1)ery P17 53) +
Vs Z{F|({b},i)eF} PT*(T, s¢) + 97 Z{F|({b},%)ef} PT*(L, s7) +
io 2qriqey, 2yery PT (T, 510) + 911 2 qriqey, 2yery PT (T, 511

N——"

2 3 1 3 1 3 1 3 1 3 1 1 3 1 3 1

i (st tastamtaotawtsstaotanta) ta (Tratita)t
1 3 1 3 1 1 3 1 3 1 1 3 1 3 1 1
Etatato) i (gt atato) e (o ta o)t
3 1 3 1)y _ 6

i+ +ata)=1
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Reduced abstract dining philosophers system

The static expression of the philosopher 1is F{ = [({z}, 5) = ({0}, 2): ({e}, 7)) * Stop].
The static expression of the philosopher 2is Fy = [({a, 2}, {5) * ({0}, £); ({e}, %)) * Stop].
The static expression of the reduced abstract dining philosophers systemis F/ = (F[|| F5) sy x rs x.
DR(F") consists of isomorphism classes

1 = [([({=}, 3) = ({0}, $)1; ({e}, 3)1) * Stop]|
(({a, 2}, 15) * ({b}, 2)2; ({e}, 3)2) * Stop]) sy @ rs 7],

sy = [([({z}, 3) = ({8}, )1: ({e}, 7)1) = Stop]|
(({a, @}, 75) = ({6}, 2)2; ({e}, 7)2) * Stop]) sy z rs 2],

s5 = [([({=}, 3) = ({8}, 3)15 ({e}, 7)1) * Stop]|
(({a, @}, 75) = ({6}, 3)2; ({e}, 7)2) * Stop]) sy z rs 2],

sy = [([({z}, 3) * ({0}, 2)1; ({e}, 7)1) * Stop]|
(({a, @}, 75) = ({6}, $)2; ({e}, 7)2) * Stop]) sy z rs 2],

s5 = [([({z}, 3) * ({0}, 2)1; ({e}, 7)1) * Stop]|
(({a, 2}, 15) * ({b}, 2)2; ({e}, 3)2) * Stop]) sy @ rs 7]
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Fﬁssﬁ with (DR(F) U DR(F))/H = {Hl, Ho, Hs, H4}, where

Hy = {s1, 87} (the initial state),
Ho = {82, 55} (the system is activated and no philosophers dine),
Hs = {ss, S¢, S7, S10, S11, S5, Sy } (one philosopher dines),

Ha = {$4, S5, Sg, S9, S12, S5 } (two philosophers dine).

F'is a reduction of F'w.rt. < __.

30
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T5*(F)

({e}, )1,

b},2)1,3 ({e}, $)2: 7
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’'5 {b} 5)2} 1

o3
N
CON
N
—

[ e} )1} - S/
|« ~ 1
(o), 21 A
(e}t 1)z &
({e}, )1
6_
11

The transition system without empty loops of the reduced abstract dining philosophers system
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DTMC*(F")

(51

The underlying DTMC without empty loops of the reduced abstract dining philosophers system
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The TPM for DT M C*(F’) is

0 1 0
3
0 0 3

Ix 3
P =|0 2 0
3 2
0 37 11
13
07 3

The steady state PMF 1)'" for DT M C*(F”) is

2 1
/% — O R
w < Y 117 4

Nl O Lfv wie O

oo Bl i ©

=

33
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Transient state probabilities of the reduced abstract dining philosophers system

34
——— Y1 "[K]
""" *o g K]
-— W — Y3’ K]
——A—— iy "[K]
for

We depict the probabilities for the states s1, S2, S3, S5 only, since the corresponding

53, 54.
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Performance indices

e The average recurrence time in the state 3’2 where all the forks are available, the average system
run-through, is — = % = 5%.

2

e Nobody eats at the state 3’2 The fraction of time when no philosophers dine is @b’; — %

Only one philosopher eats at the states sg, sﬁl. The fraction of time when only one philosopher dines
. / * ! * 1 1 1

sz +by =3+ 3= 35

Two philosophers eat together at the state sg The fraction of time when two philosophers dine is

rx 7
5 T 22¢
The relative fraction of time when two philosophers dine with respect to when only one philosopher
72 _ 7
dinesis 55 - T = 77

e The beginning of eating of a philosopher ({b}, %) is possible from the states s, s5, s/, only.

The beginning of eating probability in each of the states is a sum of execution probabilities for all

multisets of activities containing ({0}, 2).

The steady state probability of the beginning of eating of a philosopher is
Xy 2yery PT7(L, 3) ﬂb Z{m({b} 2yery DT7(T 53) +
* * 1 (6 1 (6 2\ _ 6
Z{F|({b},§)er} PT*(I',s}) = 11 (8 + 3 s T 4) + 7 (11 + )+Z (_1 + ﬁ) = 11
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The performance indices are the same for the complete and the reduced abstract dining philosophers

systems.

The coincidence of the first performance index as well as the second group of indices illustrates the result

of proposition about steady state probabilities.

The coincidence of the third performance index is due to the theorem about step traces from steady

states:
one should apply its result to the step traces {{b}}, {{b}, {b}}, {{b},{e}} of F and F”,

and sum the left and right parts of the three resulting equalities.
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The marked dts-boxes of the reduced abstract dining philosophers

37
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The marked dts-box of the reduced abstract dining philosophers system

38
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Definition 2 The minimal reduced with respect to (labeled probabilistic) transition system without

empty loops of a dynamic expression G is T'S?, (G) = (S— ,L. 7., ,s. )
¢ 5. = DR(G)/-

—SS

oLissgﬂVfEx(O;l];
T_. ={(H,(A,P),H)|3seHs >p H}
e s.. ={[Gl=}

—SS

The transition (H, (A, P), ﬁ) € 7. will be written as Hil»pﬁ.
For E € RegStatExprletTS!, (E) =TS, (E).

Definition 3 The minimal reduced with respect to underlying DTMC without empty loops of a
dynamic expression G, DT M C?, (G), has the state space DR((G)/.. and the transitions

H—»pﬁ, ifds € H s —»p H.
For E € RegStatExprlet DTMC?, (E)= DTMC?, (E).

—SS —S S
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DR(F)/o  ={K1, Ky, k5. K4}, where

JC1 = {s1} (the initial state),

JCo = {s2} (the system is activated and no philosophers dine),
ICs = {83, S6,S7, 510, 811} (one philosopher dines),

JCy = {54, S5, S8, S9, S12} (two philosophers dine).

40
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TS, (F)

—SS

(K

{e}sq
{{o}.{v}},

{{er.{er}:7

N

The minimal reduced with respect to < _ _ transition system without empty loops of the abstract dining philosophers system



Igor V. Tarasyuk: Performance evaluation in dtsP BC' 42

DTMC?, (F)
(ICq)
1

The minimal reduced with respect to < _ _ underlying DTMC without empty loops of the abstract dining philosophers system
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