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Abstract : Algebra dtsP B(C'is a discrete time stochastic extension of finite Petri box calculus (P BC")

enriched with iteration.

In this work, within dtsPBC, a method of modeling and performance evaluation based on stationary

behaviour analysis for concurrent systems is outlined applied to the dining philosophers system.

Keywords : stochastic process algebra, Petri box calculus, discrete time, iteration, stationary behaviour,

performance evaluation, dining philosophers system.

Contents
® Introduction e Denotational semantics
® Syntax e Performance evaluation
e Operational semantics e Dining philosophers system
— Inaction rules e Overview and open questions
— Action and empty loop rules — The results obtained

— Transition systems — Further research



Igor V. Tarasyuk: Performance analysis of the dining philosophers system in dtsP BC

Introduction

Algebra P BC and its extensions
e Petri box calculus P BC' [BDH92]
e Time Petri box calculus ¢ P BC [Kou00]
e Timed Petri box calculus 7' P BC' [MF0O0]
e Stochastic Petri box calculus s P BC' [MVF01,MVCCO03]
e Ambient Petri box calculus AP BC' [FM03]
e Arc time Petri box calculus at P B(C' [Nia05]
e Generalized stochastic Petri box calculus gs PP BC' [MVCRO08]
e Discrete time stochastic Petri box calculus dts P BC' [Tar05,Tar06]

e Discrete time stochastic and immediate Petri box calculus dtsi P BC' [TMV10]
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Syntax

The set of all finite multisets over X is ]N}X

The set of all subsets of X is 2.

Act = {a,b, ...} is the set of elementary actions.

Act = {a, I;, ...} is the set of conjugated actions (conjugates) s.t. @ # a and a=a.
A = Act U Act is the set of all actions.

L= ﬂ\f}fl is the set of all multiactions.

The alphabetof a € Lis A(a) ={x € A| a(x) > 0}.

An activity (stochastic multiaction) is a pair (v, p), where

a € Land p € (0; 1) is the probability of multiaction .
S L is the set of all activities.

The alphabet of (c, p) € SLis A(a, p) = A(«).
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The : sequential execution ;, choice [|, parallelism

, relabeling [ f], restriction rs,
synchronization sy and iteration [x].

Sequential execution and choice have the standard interpretation.

Parallelism unlike that in standard process algebras.

—_—

Relabeling functions f : A — A are bijections preserving conjugates: Vo € A f(2) = f(z).
Fora € L, let f(a) =) ., f(x).

Restriction over an action a: any process behaviour containing a a

Let o, 8 € L be two multiactions s.t. fora € Act we havea € canda € Sora € aand a € 3.

Synchronization of aw and 3 by a is ab, 0 = 7:

alz)+ B(x)—1, z=aorx =a;
a(z) + B(x), otherwise.

In the iteration, the subprocess is executed first,

then the one is performed zero or more times, finally, the one is executed.
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Static expressions specify the structure of processes.

Definition 1 Let (cr, p) € SLand a € Act. A static expression of dtsPBC'is

E:= (a,p) | E;E | E|E | E||E | E[f] | Evsa| Esya | [ExE<E].

Stat Expr is the set of all static expressions of dtsPBC.

Definition 2 Let (o, p) € SLand a € Act. A regular static expression of dtsPBC'is

B = (a,p) | B:E | E)E| E|E | Elf] | Evsa| Esya| [ExD+E],
where D ::= («a,p) | D;E | D||D | D|f] | Drsa | Dsya | |DxD+E].

RegStatExpr is the set of all regular static expressions of dtsPBC'.
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Dynamic expressions specify the states of processes.
Dynamic expressions are combined from static ones annotated with upper or lower bars.

The underlying static expression of a dynamic one: removing all upper and lower bars.

Definition 3 Let B € StatExpr and a € Act. A dynamic expression of dtsPBC'is

G:=E|E|GE|EG|GIE|E[|G|G|G|G[f]|Grsa|Gsyal
GxExE| | [ExG*E]| | [ExExG].

DynFExpr is the set of all dynamic expressions of dtsPBC.
A regular dynamic expression: its underlying static expression is regular.

RegDynExpr is the set of all regular dynamic expressions of dtsPBC.



Igor V. Tarasyuk: Performance analysis of the dining philosophers system in dtsP BC

Operational semantics
Inaction rules

Inaction rules: instantaneous structural transformations.

Let I/, F', K € RegStatExpr and a € Act.

Inaction rules for overlined and underlined regular static expressions

EF = E-F E:F = EF E:F = E:F
EIF = E[F BF = B|F E||F = E|F
E[f] = E[f] E[f] = E|f] Ersa= FErsa
Ersa= Ersa Fsya= Esya Esya= FEsya
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Let £, F' € RegStatExpr, G, H, CN¥, H € RegDynFExpr and a € Act.

Inaction rules

G=G, oe{;,[]}  G=G, oe{;,[]} G=G H=H _ G=G
GoE=GoE EoG=FEoG G||H=G| H G||H=G| H Gl f]=GIf]
G=G, oe{rssy} G=>G G=>G G=G
Goa=Goa [GxExF|=[GxExF] [ExG*F|=[ExG*F| [ExFxG|=[E+«F*G]

An operative regular dynamic expression (z: no inaction rule can be applied to it.
OpRegDyn Expr is the set of all operative regular dynamic expressions of dtsP BC.

We shall consider regular expressions only and omit the word “regular”.

Definition 4 = (:> U <:)* is the structural equivalence of dynamic expressions in dtsPBC.
(G and G’ are structurally equivalent, G~G", if they can be reached each from other by applying

inaction rules in forward or backward direction.
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Action and empty loop rules

Action rules: execution of non-empty multisets of activities at a time step.

Empty loop rule: execution of the empty multiset of activities at a time step.
SL _

ForI' € INy =, let f(I') = )2, pyer(f(a), p).

The alphabet of I' € ﬂ\ffﬁ is A(I') = Ua, pyerA(a).

Let (o, p), (B, x) € SL, E, F € RegStatExpr, G,H € OpRegDynFExpr,
G,H € RegDynExpr, a € ActandI', A € ]NJ‘:«SE \ {0}, TV € ]N}SE.

Action and empty loop rules

] 7~ (@)} GG :
EG =G B (a,p) =5’ (a,p) SC1 &=Ll
GoE—GoFE
g 62G. et} py __GHG po _ HLH
EoGLHEoG G|HSG|\H G|HSG|H
P3 GLG, HSH [, __GoG Rs GL @G, a,ag A(D)
G||HF+—A>G||I:T G[f]f(_rgé[f] GrsaSGrsa
I1 GHa 12 GHa I3 GHa
~ I +{(c,0)}+{(B, )} | ~
Sv1 aLaG Sv2 G sy a - G sy a, a€a, GES
Yy G L& Y I'+{(a®aB,p-x)}  ~
Sy a Sy a G sy a >G sy a

10
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Transition systems

TS(E) DTMC(E)
[EI*EQ*ES] [El*EQ*Eg]
0,2 1-p
"T+p iTp
({a}ap)17 ({G},p)Q, 12_pp
P P
1+4+p 1+4+p v
(51 v B35 C_Tpr-m-m31)
(1—x)(1—6) ({b}.x), 10
2, 1—x6 x(1-6) Pl
Loxe 0(1—x)
({c}.6), (-x
0(1—x)
1—x0 4 4
0,1 1

EXPRIT:The transition system and the underlying DTMC of E for E = [(({a}, p)1[]({a}, p)2) * ({b}, x) * ({c}, )]

Let E1 = ({a}, p)[|({a}, p), B2 = ({0}, X), B3 = ({c},0) and E = [E} * Es x E3].

The identical activities of the composite static expression are enumerated as:
E = [(({a},p)[]({a}, p)2) * ({b}, x) * ({c}, #)]. The derivation set DR(E) of E consists of

s1 = [[E1 * By * E3)|~, s2 = [[E1 * B * E3)|~, 83 = [[E1 % Eo % E3)]~.
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Denotational semantics
N(a @[f] ®rs a
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L) o
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>
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. 2 . 3
Sii O é; 4 2; Y]
u[l] Oid Oid uﬁ uﬁ Oid Oid uﬁ

The plain and operator dts-boxes

—
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Definition 5 Let(a, p) € SL, a € Actand E, F, K € RegStatFExpr. The denotational
semantics of dtsPBC'is a mapping Box ;s from RegStatExpr into plain dts-boxes:

1. Boxdts (avp)z) N(a,p),b-;
2. Box ;s EOF) @o(Bomdts(E)aBoxdts(F))v SIS {; ) Hv ||}’

(

(
3. Boxgss(E|f]) = O (Boxgs(E));
4. Boxgis(Eoa) = O.4(Boxgss(E)), o € {rs,sy};
(

5. Boxgs([E*F+K|) = O, (Bovgs(E), Boxas(F), Boxgs(K)).

For E € RegStatExpr,let Boxgs(E) = Boxgis(E) and Boxg,s(E) = Boxgs(E).

We denote isomorphism of transition systems by =,
and the same symbol denotes isomorphism of reachability graphs and DTMCs

as well as isomorphism between transition systems and reachability graphs.
"0 1 For any static expression E we have T'S(E)~RG(Boxgs(E)).
_ 1 For any static expression £ we have DT M C(E)~DTMC (Boxgs(E)).
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N DTMC(N)
1-p
1+p
tl {a'}ap)l {a'}ap)Z t2 12—pp
Y
({0} £ 010)
0, (1_1X—)§<19_9) ts3, xl(i;g) 11_—X09
({c}.0)] t4 £, 8= 0(1—x)
T1—x6 1—x6
Y Y
0,1 1

BOXIT:The marked dts-box N = Boxas(F) for E = [(({a}, p)1[]({a}, p)2) * ({0}, x) * ({c},0)], its
reachability graph and the underlying DTMC
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Performance evaluation

The elements P;; (1 < ¢,j < n = |DR(G)|) of (one-step) transition probability matrix (TPM) P for
DTMO(G):

PM(s;,s:), S; — S;;
p_ | PMsus) )

0, otherwise.

The transient (k-step, k € IN) probability mass function (PMF) ¥ (k] = (¢1(k], . .., ¥y |k]) for
DTMC(G) is the solution of 1) [k] = 1 [0]P¥,

where ¥ [0] = (11]0], ..., 1, [0]) is the initial PMF: 1), [0] =
0, otherwise.

We have W[k + 1] = w[k]P, k € IN.

(P~ E) =0
The steady-state PMF ¢ = (11, . .., 1y,) for DT M C(G) is the solution of - ,
Y1t =1

where 0 is a vector with n values 0, 1 is that with n values 1.

When DT M C(G) has the single steady state, 1) = limy_, oo ¥ [k].



Fors € DR(G) with s = s; (1 < i < n) we define 1|k|(s) = ¢;|k] (k € IN) and ()
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Let GG be a dynamic expression and s, § € DR(G), S, S C DR(G).

The following are based on the steady-state PMF.

The average recurrence (return) time in the state s (the number of discrete time units or steps

required for this) is w( y-

The fraction of residence time in the state s is 1(s).

The fraction of residence time in the set of states S C D R(G) or the probability of the event
determined by a condition that is true for all states from .S is ZSES Y(s).

zses P(s)

The relative fraction of residence time in the set of states S w.r.t. thatin S'is S - 0(3)
ses

The steady-state probability to perform a step with an activity (a, p) IS
ZseDR(G) W(s) Z{m(a,p)er} PT(T,s).

The probability of the event determined by a reward function 7 on the states is

ZSGDR(G) w(s)r(s).

16

= Y.
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Dining philosophers system

A model of five dining philosophers [P81]

The diagram of the dining philosophers system
After activation of the system, five forks appear on the table.
If the left and right forks available for a philosopher, he takes them simultaneously and begins eating.
At the end of eating, the philosopher places both his forks simultaneously back on the table.
a corresponds to the system activation.
b; and e; correspond to the beginning and the end of eating of philosopheri (1 < ¢ < 5).
The other actions are used for communication purpose only.

The expression of each philosopher includes two alternative subexpressions:
the second one specifies a resource (fork) sharing with the right neighbor.
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The static expression of the philosopher ¢ (1
E; = [({z:}, 5) * ({01 4}, 3): ({es, &
The static expression of the philosopher 5 is

Es = [({a,71,72,72, 71}, 5) * ({05, 55}, 3); ({es, 25}, )1 ({1}, 2): ({21}, 3))) * Stop].

The static expression of the dining philosophers system is

E = (E1||E2||Es||Es||E5) sy x1 sy T2 Sy 23 Sy T4 SY Y1 SY Y2 SY Y3 SY Y4 SY Y5 SY 21 SY 22
SY Z3SY 24SY Z5 ST ST rST3 STy rSYy ISYo rSY3 rSY4 rsYs rS 21 1S9 rsS 23 rsSzy s zs.

Interpretation of the states

S1: the initial state, s7: philosopher 3 dines,

S9: the system is activated and no philosophers dine,  sg: philosophers 2 and 4 dine,

s3: philosopher 1 dines, Sg: philosophers 3 and 5 dine,
s4: philosophers 1 and 4 dine, S10: philosopher 2 dines,
Ss: philosophers 1 and 3 dine, $11: philosopher 5 dine,

Se: philosopher 4 dines, S192: philosophers 2 and 5 dine.
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TS(E)

(),
sS4 Jteard {(var ),

& He1h, P35

(o113, 55
S A

(fea}. )} 15

He1h, 1) 35

{{oh ),
({3}, 1)} 35

{{oh ), {Herh 1),
({ba}. DY 55 Hesh Phois
86 0.3
Heath 1) 55
({ba}. ). 55
(m;&) 0,55 82 ({bs;-&
1e {(e2}, 1), (({bs3. 1), 20

{5} 1)} 55
{(m} o,

{2}, 1,
{eah Dby (tha1, 1)

(b5}, 5) ({ea} D)} 3

Hesh Db 15

({b5}.5) 55

{({b3}. 1),
({es}. ) 35 (es}h. Y35

{({b2},4),
{esh Db 35

1 S10 )

({b5h 1) 55

{({b2},4),({es} )} 55
Heat, 1), 15

Hesh3) 76 5
9. 18

]

512

The transition system of the dining philosophers system
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The TPM for DT MC(E) is

S O O O O O O O O o o ge

S Bl Blw 5= 5= Ble Sle G- Sl Sle Blo ¥-
S o O O O 8 8k Glw gle 8o B o

S O O o o O Bwe o o 8w~ o
S O O O O Bw o e o Be~ o
© o g o Gl o Ze o Gl Sk Bl

© 8 © gl © ge o gl o ke o
© o gw oGl o 8w o o o P o

S g o Gk © gw o o o o g o

Sl g Ze © Gl © S o o o gw o

Sl 8o = Gle © S © o © o g o

Slo NueRBew ©o o o o o o o Yy o
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The average sojourn time vector of E is

o7 (3 20 20 16 16 20 20 16 16 20 20 16
a 207117 7 7111 v 11011 7 )

The sojourn time variance vector of £ is

VAR = (1024, 8417 4007 2567 2567 4007 4007 256’ 256’ 4007 4007 256 |
4007 1217 49 ° 49 " 121 121" 49 49 121 121 49

Transient and steady-state probabilities of the dining philosophers system

k 0 20 20 60 80 100 120 140 160 180 200 00
Yi[k] || 1| 0.5299 | 0.2808 | 0.1488 | 0.0789 | 0.0418 | 0.0222 | 0.0117 | 0.0062 | 0.0033 | 0.0017 0
Yalk] || O | 0.0842 | 0.1098 | 0.1234 | 0.1306 | 0.1345 | 0.1365 | 0.1375 | 0.1381 | 0.1384 | 0.1386 | 0.1388
Ys[k] || 0 | 0.0437 | 0.0681 | 0.0811 | 0.0880 | 0.0916 | 0.0935 | 0.0945 | 0.0951 | 0.0954 | 0.0955 | 0.0957
Yalk] || 0 | 0.0335 | 0.0537 | 0.0645 | 0.0701 | 0.0732 | 0.0748 | 0.0756 | 0.0760 | 0.0763 | 0.0764 | 0.0766

We depict the probabilities for the states s1, . . ., s4 only, since the corresponding values coincide for the

states s3, Sg, S7, S10, S11 as well as for s4, S5, Sg, Sg, S12.
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1.04
| —e— Ik
0.8; —— Yl K]
| —o— YslK]
0.6; —a— YyK]

s 10 150 50

Transient probabilities alteration diagram of the dining philosophers system

The steady-state PMF for DT M C(E) is

b= 029 20 16 16 20 20 16 16 20 20 16
7209720972097 2097 2097 209 209 209 209’ 209 209 )
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Performance indices

® The average recurrence time in the state so, where all the forks are available, the average system

1209 _ 76
9s = 29 = (29

e Nobody eats in the state s5. The fraction of time when no philosophers dine is 19 =

run-through, is

29
209"

Only one philosopher eats in the states s3, Sg, S7, S10, 311 The fraction of time when only one
philosopher dines is 13 4+ Vg + W7 + 110 + Y11 = 209 + 209 22009 + 22009 T 22009 = %.
Two philosophers eat together in the states s4, S5, Sg, S9, 312 The fraction of time when two
philosophers dine is 14 + 5 + g + g + P12 = 21069 + 209 + 209 21069 + 21069 = 28009'

The relative fraction of time when two philosophers dine w.r.t. when only one philosopher dines is
80 209 _ 4

209 100 — 5°

e The beginning of eating of first philosopher ({b1 }, ) is only possible from the states so, Sg, S7.

The beginning of eating probability in each of the states is a sum of execution probabilities for all
multisets of activities containing ({b1}, ).

The steady-state probability of the beginning of eating of first philosopher is
Y2 2 (ri(vay, hyery PTL, 82) + 96 2.y, 1yery PTT 86) +
V7 2 qry (b}, 3yery DT, 57) =

2%99(2%4‘%"‘2_19) %(23_0"‘%) 22009<230+%):%'
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Qo
e SN

({b1}.1 ({b2},7 ({bs}, 7 {ba},3 {bs},3
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O O[O O[O Ol OflQ O

\;el},l/ \*‘{62},5 \;eg},l/ \Ee4},1/ \ ;/
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The marked dts-box of the dining philosophers system
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Overview and open questions

The results obtained
e A discrete time stochastic extension dts P BC of finite P BC' enriched with iteration.
® A case study of performance analysis: the dining philosophers system.
Further research
e Defining stochastic equivalences to identify stochastic processes with similar behaviour,

e Extending the syntax with recursion operator.

25



Igor V. Tarasyuk: Performance analysis of the dining philosophers system in dtsP BC 26
References

[BDH92] BEST E., DEVILLERS R., HALL J.G. The box calculus: a new causal algebra with multi-label
communication. LNCS 609, p. 21-69, 1992.

[FM03] pE FRuTOS D.E., MARROQUIN O.A. Ambient Petri nets. Electronic Notes in Theoretical
Computer Science 85(1), 27 p., 2003.

[KouOO] KouTNY M. A compositional model of time Petri nets. LNCS 1825, p. 303-322, 2000.

[IMFOO] MARROQUIN O.A., bE FRuTOS D.E. TPBC: timed Petri box calculus. Technical Report,
Departamento de Sistemas Infofmaticos y Programacion, Universidad Complutense de Madrid,
Madrid, Spain, 2000 (in Spanish).

[MVCCO03] MACIA H.S., VALERO V.R., CAZORLA D.L., CUARTERO F.G. Introducing the iteration in
sPBC. Technical Report DIAB-03-01-37, 20 p., Department of Computer Science, University of
Castilla-La Mancha, Albacete, Spain, September 2003, http://www.info-ab.uclm.es/
descargas/tecnicalreports/DIAB-03-01-37/diab030137.zip.

[MVCRO08] MACIA H.S., VALERO V.R., CUARTERO F.G., Ruiz M.C.D. sPBC: a Markovian extension of
Petri box calculus with immediate multiactions. Fundamenta Informaticae 87(3-4), p. 367-406, I0OS
Press, Amsterdam, The Netherlands, 2008.



Igor V. Tarasyuk: Performance analysis of the dining philosophers system in dtsP BC 27
[MVFO1] MACIA H.S., VALERO V.R., DE FRUTOS D.E. sPBC: a Markovian extension of finite Petri box

calculus. Proceedings of 9t" |EEE International Workshop on Petri Nets and Performance Models -
01 (PNPM'01), p. 207-216, Aachen, Germany, IEEE Computer Society Press, September 2001,
http://www.info-ab.uclm.es/retics/publications/2001/pnpm0l.ps.

[Nia05] NiAouURIS A. An algebra of Petri nets with arc-based time restrictions. LNCS 3407, p. 447-462,
2005.

[P81] PETERSON J.L. Petri net theory and modeling of systems. Prentice-Hall, 1981.

[TarO5] TARASYUK I.V. Discrete time stochastic Petri box calculus. Berichte aus dem Department fir
Informatik 3/05, 25 p., Carl von Ossietzky Universitat Oldenburg, Germany, November 2005,
http://db.iis.nsk.su/persons/itar/dtspbcib_cov.pdf.

[Tar06] TARASYUK I.V. Iteration in discrete time stochastic Petri box calculus. Bulletin of the Novosibirsk
Computing Center, Series Computer Science, IS Special Issue 24, p. 129-148, NCC Publisher,
Novosibirsk, 2006, http://db.iis.nsk.su/persons/itar/dtsitncc.pdf.

[TMV10] TARASYUK I.V., MACIA H.S., VALERO V.R. Discrete time stochastic Petri box calculus with
Immediate multiactions. Technical Report DIAB-10-03-1, 25 p., Department of Computer Systems,
High School of Computer Science Engineering, University of Castilla-La Mancha, Albacete, Spain,

March 2010, nttp://www.dsi.uclm.es/descargas/thecnicalreports/DIAB-10-03-1/dtsipbc.pdf.



